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Abstract

How should monetary policy be conducted in a monetary union
when labour market structures di¤er across member countries as is ar-
guably the case in the euro area? This paper develops a DSGE model
of a two-country monetary union with labour market heterogeneity to
answer this question. Asymmetries in labour market structures are
proxied for by di¤erent degrees of nominal �exibility. A welfare loss
function derived as a second-order approximation to household utility
is evaluated. As is well-known from the previous literature, price in�a-
tion targeting may lead to welfare losses compared to monetary policy
alternatives when the important nominal rigidity is in the labour mar-
ket. Welfare may be improved in such a case by targeting wage in�a-
tion. This paper shows the mistake is larger when shocks are common
to the monetary union than when they are country-speci�c due to an
international externality. Also, the mistake is larger if labour mar-
ket structures are very asymmetric, especially when shocks are highly
correlated. Welfare improvements can be obtained by putting more
weight on �ghting wage in�ation in the more rigid labour market if
shocks are less than perfectly correlated.
JEL classi�cation: E32
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1 Introduction

This paper addresses the question of how monetary policy should be con-
ducted in a monetary union in which labour market structures are di¤erent
across member countries. It it well known that such labour market asymme-
tries are characteristic for the European Monetary Union (EMU), not least
in terms of labour market �exibility, cf. for instance Arpaia and Pichelmann
(2007) or Holden and Wulfsberg (2008) for recent documentation. While
these labour market asymmetries are frequently mentioned in discussions of
labour market policies, surprisingly little research e¤ort has been devoted to
understanding the implications of labour market asymmetries for monetary
policy. In particular, little is known about how monetary policy should be
designed in a monetary union with labour market asymmetries.1

This paper takes a �rst step in providing answers to this question. It
develops a dynamic stochastic general equilibrium (DSGE) model of a two-
country monetary union with monopolistic competition in labour markets
and nominal wage rigidities. Labour market asymmetries are modelled by
allowing the degrees of monopolistic competition and of nominal rigidity
to di¤er across the monetary union�s member countries. Disturbances to
the union may be common across the member countries or idiosyncratic.
The paper proceeds by evaluating the welfare of alternative monetary policy
rules that the central bank may contemplate, emphasising the potential need
to deal with labour market asymmetries across the union. Following the
approach of Rotemberg and Woodford (1999), welfare is evaluated using a
quadratic loss function derived from second-order Taylor approximations to
the levels of expected household utility. This exercise is a �rst important step
in understanding how monetary policy is best designed when monetary policy
is common across structurally diverse, interdependent economic regions.
The current practice in most central banks pursuing an independent mon-

etary policy is to emphasise the stabilisation of goods price in�ation based on

1Abbritti and Mueller (2007) study optimal monetary policy in an asymmetric mon-
etary union with unemployment, search frictions and real wage rigidities. Beetma and
Jensen (2004) allow for labour market asymmetries in a model of a monetary union but
focus on monetary and �scal policy interaction. Dellas and Tavlas (2005) present a three-
country model allowing for asymmetries in nominal wage �exibility, and �nd that countries
with a high degree of nominal wage rigidity are better o¤ in a monetary union. Fahr and
Smets (2008) allow for asymmetries in downward wage rigidities in a study of the trans-
mision of shocks in a monetary union with optimal monetary policy.
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the development of a consumer price index. This includes the European Cen-
tral Bank (ECB) responsible for monetary policy in the EMU. This practice
�nds theoretical justi�cation in the New Keynesian literature in which nomi-
nal goods price rigidity is a distinguishing feature, see for instance Woodford
(2003). In the basic New Keynesian model, nominal price rigidities lead to
an ine¢ cient allocation of resources in the economy unless the constraints
represented by nominal rigidities do not bind. This happens in the model
when in�ation is stabilised.
As argued by Woodford (2003), allowing for nominal wage rigidities is

probably not crucial if the objective of the analysis is to construct a positive
model of the co-movements of output and in�ation. But it is by no means
obvious that nominal price rigidities are more important than nominal wage
rigidities from an empirical perspective. Christiano et al. (2005), for instance,
provide evidence of the contrary using US data. Nor does it appear to be
empirically realistic to abstract from nominal wage rigidities. Though Smets
and Wouters (2003) estimate a higher degree of nominal price rigidity than
nominal wage rigidity for the euro area, their estimates suggest that nominal
wage rigidities are substantial; the expected duration of wage contracts is
estimated to be about one year.
Furthermore, nominal wage rigidities matter in important ways for a

welfare-theoretic assessment of the proper goals of monetary policy as shown
by Erceg et al. (2000). In a closed-economy with both nominal price and
wage rigidities, they show that the optimal monetary policy places greater
weight on stabilising in�ation in the more rigid variable, prices or wages.
That is, from a welfare-theoretic perspective, central banks should stabilise
the nominal variables that fail to adjust so as to make the adjustment con-
straint non-binding, preventing misallocation in the markets characterised by
rigidities. Indeed, they �nd that in�ation targeting of the sort that is often
considered to be a good approximation to actual central bank behaviour may
induce substantial welfare losses when the important nominal rigidity is in
the labour market as opposed to the goods market. A central bank operat-
ing with a seemingly empirically successful sticky price model may therefore
seriously misjudge the welfare implications of its actions if sizeable nominal
wage rigidities are present.
In a monetary union, the assessment of the welfare implications of alter-

native monetary policy prescriptions is further complicated by the fact that
member countries often have very di¤erent characteristics along a number of
dimensions of importance for the economic decision making of agents in the
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economy. Benigno (2004) addresses this question for the case of structural
di¤erences in goods markets. Speci�cally, he shows that optimal policy in
a two-country monetary union in which nominal price rigidities di¤er across
the two member countries is such that a higher weight is given to �ghting
goods price in�ation in the country with the highest degree of nominal price
rigidity. Moreover, Lombardo (2006) assesses the welfare losses of simple
monetary policy rules, including goods price in�ation targeting allowing for
asymmetries also in the degree of monopolistic competition in goods mar-
kets. He shows that the union�s central bank should put a higher weight on
the more competitive country. In fact, if the two countries di¤er su¢ ciently
in terms of market power in goods markets, Benigno�s (2004) result may be
overturned as the central bank might optimally assign a higher weight to the
country with more �exible prices if competition is su¢ ciently �erce in this
country. This indicates that asymmetries in structural characteristics have
important implications for the design of monetary policy.
As shown by Andersen and Seneca (2008), di¤erences in structural fea-

tures in labour markets across a monetary union have non-trivial implications
for the propagation of shocks across the union and for the incentives for struc-
tural labour market reforms. This indicates that labour market asymmetries
may be important for monetary policy, and providing a better understand-
ing of these implications therefore seems an urgent task that should be of
particular interest to policy makers in Europe, where such labour market
asymmetries are present. To do so, this paper abstracts from other asym-
metries that may characterise the monetary union so as to isolate the e¤ects
stemming from labour market asymmetries. The interesting question of how
these asymmetries interact with other potential asymmetries is left for fu-
ture research. Hence, structural characteristics in goods markets, preferences
etc. will be symmetric across the union. In addition, goods prices will be
assumed to be perfectly �exible. While this is a strong assumption, it serves
the purpose of keeping a strict labour market perspective. Thus, what is al-
lowed to di¤er are characteristics of the labour markets in which households
o¤er their labour services. That is, in an important market for household
welfare, households face di¤erent immediate economic environments as both
the degree of market power in their wage setting and the expected duration
of their wage contracts - or more generally employment contracts - may di¤er
across the monetary union, though the emphasis will be on asymmetries in
wage rigidities.
In this paper, the relative welfare under alternative simple monetary
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policy rules is investigated under the assumption that taxes are designed
to o¤-set the distortions from monopolistic competition in the economy�s
steady state. This serves to focus attention on distortions induced by dif-
fering degrees of nominal wage rigidity. The monetary policies considered
are, �rst, �exible monetary policy rules according to which the central bank
may respond to price in�ation, union-wide or national wage in�ation, and the
welfare-relevant output gap. Second, strict targeting rules are considered that
lead to successful stabilisation of either aggregate price in�ation, aggregate
or country-speci�c wage in�ation, or the output gap.
An important question for this paper to answer is whether in�ation tar-

geting by a monetary union�s central bank similar to the one used by the
ECB leads to substantial welfare losses when the important nominal rigidi-
ties are in the labour market, and, most importantly, when labour markets
are characterised by di¤ering degrees of nominal rigidity.
As is well-known from the previous literature, the results show that when

prices are �exible and wages rigid, �exible as well as strict price in�ation
targeting regimes lead to non-negligible welfare losses. Welfare may be no-
ticeably improved by targeting wage in�ation. This paper shows that the
mistake made by by targeting price in�ation rather than wage in�ation is
larger as shocks become more highly correlated across the monetary union�s
member countries, and as the degree of heterogeneity in the labour market
structure increases. Moreover, further welfare improvements can be obtained
by putting more weight on �ghting wage in�ation in the country with a more
rigid labour market, especially if shocks are idiosyncratic and labour market
structures highly asymmetric. Alternatively, price in�ation targeting may
not induce large welfare costs in an monetary union characterised by nomi-
nal rigidities in labour rather than in the goods market if labour markets are
not too heterogenous and if shocks are mostly country-speci�c.
The paper is organised as follows. Section 2 presents the model and

derives its log-linear representation. Section 3 presents the welfare function
used to evaluate alternative monetary policy rules. Section 4 presents the
welfare analysis for a calibrated version of the model. Section 5 concludes.

2 The model

The model economy consists of two countries in a monetary union. Each
country has a large number of households and a large number of �rms. There
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is one central bank responsible for monetary policy throughout the union.
In particular, the central bank sets the risk-free interest rate Rt earned on
one-period risk-free bonds in the union�s single �nancial market. There is no
active �scal policy for stabilisation purposes, and the union is closed to the
outside world.
Labour is immobile across borders, and national labour markets are char-

acterised by monopolistic competition and nominal rigidities in the form of
Calvo (1983) wage contracts of random duration. With monopolistic com-
petition, each household supplies a di¤erentiated labour service and has a
certain degree of market power in setting the wage it demands for this ser-
vice. Given the wage chosen, the household stands ready to supply the work
hours demanded by �rms. These assumptions lead to a downward-sloping
demand curve for each household�s labour service. Although both the degree
of market power in wage setting and the degree of the nominal rigidities are
allowed to di¤er between the two countries, emphasis is put on implications
of di¤erences in the expected duration of wage contracts. Such di¤erences
are taken to represent heterogeneity in labour market structure across the
monetary union.
All �rms in a given country are assumed to produce the same interna-

tionally traded good in a competitive market, but this good is di¤erentiated
from the goods produced by �rms abroad. This leads to a downward-sloping
demand curve for each country�s product. To focus on the labour market,
prices of goods are assumed to be perfectly �exible. It is assumed that the
weight of each product in the consumption bundle is the same in both coun-
tries. Hence, there is no home bias in consumption. The weight assigned to
each product is interpreted as the relative size of the country producing it.

2.1 Firms

The representative �rm in country i 2 f0; 1g produces output Yit according
to the production function

Yit = AitN

it (1)

where Ait is the stochastic period-t productivity of �rms in country i, and
0 <  < 1 is the degree of returns to scale. Wit represents aggregate wages
in country i paid for the aggregate labour input into production, Nit, as de-
scribed below. Real capital is disregarded to simplify, but decreasing returns
can be interpreted as arising from a second factor of production in �xed
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supply.
The representative �rm in country i maximises pro�ts, which it distrib-

utes to households. There are no nominal price rigidities, and the �rm takes
the price of its product, Pit, as given. The pro�t maximisation problem yields
a demand for aggregated labour services de�ned by the relation

(1� tei )Wit

Pit
= AitN

�1
it (2)

when tei is a �xed-rate employment subsidy paid to �rms (and �nanced by
lump-sum taxes, cf. below).2 The labour demand relation equates the real
wage (as perceived by �rms) to the marginal product of labour.

2.2 Households

In each period t, each household h in country i supplies a di¤erentiated
labour service, Nit (h). The labour used in production in country i, Nit, is
assumed to be an aggregate of the continuum of labour services supplied by
the households:

Nit =

�Z 1

0

Nit (h)
�i�1
�i dh

� �i
�i�1

(3)

where �i > 1 is the elasticity of substitution between labour services.
Each household sets the wage rate it demands for its labour service as

described below and satis�es �rms�labour demand at the chosen wage. That
is, given existing wage contracts, household h�s labour e¤ort is determined
by demand. This demand for household h�s labour service is determined by
the cost minimisation problems of the country�s �rms, which minimise costs
taking households�wage rates, Wit(h), as given. This leads to a demand for
household h�s labour service given by

Nit (h) =

�
Wit (h)

Wit

���i
Nit (4)

when Wit is the wage index with the property that the minimum cost of Nit
units of aggregate labour is given by WitNit. It follows that the demand

2The employment subsidy is used to neutralise the distorting e¤ect from monopolistic
competition in the steady state around which the model is log-linearised. This facilitates
the welfare analysis of monetary policy alternatives emphasising implications of nominal
wage rigidities.
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for household h�s labour service is a decreasing function of the household�s
relative wage with elasticity �i. Hence, �i is inversely related to the degree
of market power in wage setting.
Household h in country i 2 f1; 2g has the utility function

Et

1X
�=0

��
�
�

� � 1Cit+� (h)
��1
� � 1

1 + �
Nit+� (h)

1+�

�
(5)

where Et is an operator representing expectations over all states of the econ-
omy conditional on period-t information, � 2 (0; 1) is the subjective discount
factor, and Cit (h) is a real consumption index. � > 0 is the elasticity of
intertemporal substitution of consumption, and � > 0 is the inverse of the
Frisch labour elasticity.
The consumption index is de�ned over the di¤erentiated commodities

produced in the union�s member countries. Speci�cally,

Cit =
h
v
1
�
1 C

��1
�

i1t + v
1
�
2 C

��1
�

i2t

i �
��1

(6)

where � > 0, vj is the relative size of country j 2 f1; 2g ; and Cijt represents
consumption of country j�s commodity by households in country i. In every
period t, households choose Cijt for a given level of real consumption to
minimise consumption expenditures. This yields a demand for country j�s
product in country i given by

Cijt = vj

�
Pjt
Pt

���
Cit (7)

when Pt is the price index de�ned by

Pt =
�
v1P

1��
1t + v2P

1��
2t

� 1
1�� (8)

This price index has the property that the minimum cost of Cit units of real
consumption is given by PitCit.
Asset markets are assumed to be complete, i.e., available �nancial assets

completely span the possible states of the economy.3 This assumption leads

3Note that this is likely to decrease the potential welfare improvements through sta-
bilisation policy as it provides an insurance mechanism for households. In particular,
households share consumption risk through these complete markets so that consumption
levels are equalised across the monetary union.
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to the following period-t �ow budget constraint for a household in country i:

Et [Qt;t+1Bit (h)] + PtCit (h) + Tit = Bit�1 (h) +Wit (h)Nit (h) + �it (9)

The right-hand side gives available resources as the sum of initial �nancial
wealth, Bit�1 (h), labour income, Wit (h)Nit (h), and nominal pro�t income,
�it. The left-hand side represents the allocation of resources to consumption,
PtCit (h), bond-holdings, Et [Qt;t+1Bit (h)], where Qt;t+1 is the asset pricing
kernel, and to a lump-sum tax, Tit, used by the government to �nance an
employment subsidy paid to �rms.
Households choose real consumption and wages to optimise expected util-

ity (5) subject to the sequence of budget constraints (9) and labour demand
(4).4 De�ning the net risk-free nominal interest rate Rt by the relation

(1 +Rt)
�1 = E [Qt;t+1] (10)

the �rst-order conditions determining the optimal choice of consumption and
bond holdings can be combined to yield the Euler equation

C
� 1
�

t = � (1 +Rt)Et

�
C
� 1
�

t+1

Pt
Pt+1

�
(11)

where the international risk-sharing property that consumption is equalised
across households and countries has been used.5

Wages are set by households in a staggered fashion. Following Calvo
(1983), each household in country i is allowed to reset the wage rate it de-
mands for its labour service with a �xed probability (1� �i). Hence, the
wage rate set by household h at time t, W �

it (h), is the prevailing wage rate
for the household at time t + � , i.e., Wit+� (h) = W �

it (h), with probability
��i , and the expected duration of a contract is given by (1� �i)

�1. The
complete-markets assumption implies that the fraction (1 � �i) of house-
holds in country i changing their wage rates at time t choose the same rate
W �
it. The remaining fraction �i of households continue with the wage rate

4Implicitly, optimisation is also subject to a solvency condition that may be used to
transform the sequence of �ow budget constraints into a single life-time budget constraint.
This has no e¤ect on the �rst-order conditions, and since a log-linearised version of the
model around its steady state is analysed here, the bounded stochastic shock processes
speci�ed below will ensure solvency at all times and in all states.

5Throughout, aggregate variables are indicated by the omission of country subindices
and are given as averages of national variables with relative country sizes as weights.
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prevailing at time t � 1 where the distribution of wage rates is unchanged.
Hence, the law of motion of the aggregate wage index in country i is given
by

Wit =

�Z 1

0

Wit (h)
1��i dh

� 1
1��i

=
h
�iW

1��i
it�1 + (1� �i) (W �

it)
1��i
i 1
1��i (12)

When a household resets its wage, it does so to maximise expected utility
(5) subject to the demand for its labour (4), its budget constraint (9) and the
price setting mechanism just described. For a household changing its wage
rate at time t, this is equivalent to maximizing the following function with
respect to W �

it (h) subject to (4) and (9):
6

Et

1X
�=0

(�i�)
�

�
�

� � 1Cit+� (h)
��1
� � 1

1 + �
Nit+� (h)

1+�

�
(13)

The �rst-order condition can be written as

Et

1X
�=0

(�i�)
�

��
�i

1� �i
Nit+� (h)

� + C
� 1
�

t+�

W �
it (h)

Pt+�

�
Nit+� (h)

�
= 0 (14)

It follows that the monopolistically competitive household sets its wage rate
so that the marginal utility of income from an extra unit of labour e¤ort is a
constant mark-up over the marginal disutility in discounted expected value
terms.
Note that in the special case with �exible wages in which all households

are allowed to reset the wage each period, the �rst-order condition collapses
to

Wit

Pt
=

�i
�i � 1

N�
itC

1
�
t (15)

where Nit = Nit (h) and Wit = W
�
it (h) for all h. That is, wages are set so as

to equalise the real wage (as perceived by the household) to a mark-up over
the marginal rate of substitution.

6This di¤ers from (5) in that implicit terms representing states where the wage to be
set is not the prevailing wage are excluded.
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2.3 Log-linear representation

Welfare will be evaluated using solutions to the model in log-linear form in
which variables are expressed in log-deviations from the steady state with
stable wages.7

A log-linear version of the production function (1) is given by

yit = ait + nit (16)

Technology, ait, is assumed follow a �rst-order autoregressive process

ait = �aait�1 + "it (17)

where the innovations, "it, are N (0; �2i ) and may be correlated across coun-
tries as governed by the correlation parameter �" 2 [0; 1] :These innovations
are assumed to be the only shocks to the monetary union.
A log-linearisation of the labour demand relation gives

wit � pit = ait � (1� )nit (18)

Note that the employment subsidy drops out of the log-linear labour demand
relation. Hence, it has no e¤ect on the dynamic responses to shocks in the
log-linearised economy.
Log-linearisations of the �rst-order condition from the households�wage

setting problem (14) and the law of aggregate wages (12) can be combined
to yield a New Keynesian Phillips curve for wage in�ation:8

!it = �i
�
��1ct + �nit � (wit � pt)

�
+ �Et!it+1 (19)

where !it = wit � wit�1 is wage in�ation in country i, and �i is a decreas-
ing function of the Calvo parameter �i and of the elasticity of substitution
between labour services �i:

�i =
(1� �i) (1� �i�)
�i (1 + ��i)

(20)

7Steady state variables are indicated by the omission of time subscripts, and lower-
case letters denote log-deviations from steady-state values of corresponding upper-case
variables.

8See Andersen and Seneca (2008, app. A) for details on the derivation.
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The supply side of the model is thus summarised by equations (16)-(19)
for i 2 f0; 1g. Note that (19) collapses to the labour supply relation

wit � pt = ��1ct + �nit (21)

in the virtual equilibrium with full wage �exibility, i.e. for �i = 0.
The demand side is represented by a log-linear version of the Euler equa-

tion (11) given as
ct = Etct+1 � � (rt � Et�t+1) (22)

where �t = pt�pt�1 is price in�ation, and a demand relation for the product
produced in each country i

yit = �� (pit � pt) + yt (23)

The latter is found by summing (7) over countries i, log-linearising, and
imposing the equilibrium condition

ydit = yit (24)

where ydit is the aggregate demand in the monetary union for products pro-
duced in country i. Note that monetary policy a¤ects the economy through
the aggregate demand relation (22) only. In this sense, its e¤ect on the two
countries is symmetric.

2.4 Monetary policy

The model is closed by specifying the monetary policy reaction function. Two
types of monetary policy rules are considered: Explicit �exible targeting rules
and implicit strict targeting rules. Both types are within the class of simple
monetary policy rules in the sense that they are operational rules that may
be considered realistic in an actual monetary policy regime rather than the
outcome of a Ramsey problem that the central bank may attempt to solve.9

With a �exible targeting rule, the central bank sets the risk-free interest
rate in response to a vector of endogenous variables. Attention is restricted
to rules that may be stated in log-linear form as

rt = k��t + k1!1t + k2!2t + kyŷt (25)

9For a thorough discussion of optimal vs. simple policy rules, see Woodford (2003).
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where ŷt = yt � ynt is the output gap given as output in excess of the level
of output in the virtual �exible wage equilibrium. As shown in appendix
A, this "natural" level of output can be found by combining equations (16),
(18), (21) and (23). It reads

ynt =
1 + �

(1� ) + �+ ��1at

For k1 = k2 = 0, (25) reduces to the monetary policy rule speci�ed by
Taylor (1999), at least up to the de�nition of the output gap. Similarly, for
k1 = k2 = ky = 0, the rule reduces to a very simple rule according to which
the central bank is only concerned about price in�ation. More generally,
however, (25) allows the central bank to respond not only to average wage
in�ation (k1 = k2 > 0), but also to place di¤erent weights on wage in�ation
in the two countries (0 < k1 6= k2 > 0). In the welfare analysis below, it
is of particular interest to investigate if welfare is improved by allowing the
central bank to do so.
With a strict targeting rule, the central bank is assumed to successfully

stabilise union-wide price in�ation, national wage in�ation in country 1, na-
tional wage in�ation in country 2, aggregate wage in�ation, or the output
gap. Given these restrictions imposed on the equilibrium dynamics, the paths
of the central bank�s policy instrument will be complicated functions of the
shocks to the economy. The evaluations of these rules are important bench-
marks in an analysis of the relative importance of alternative target variables
for monetary policy.

3 The welfare function

Following the approach of Rotemberg and Woodford (1999), the social wel-
fare measure used to assess alternative monetary policy rules is derived from
the utility functions of households. The welfare function gives the welfare
losses experienced by households when the economy deviates from its e¢ -
cient path expressed as a percentage of steady-state consumption. As shown
in appendix B, under the assumption that the distortions associated with
monopolistic competition have been eliminated in the steady-state by appro-
priate choices for the employment subsidies in the two countries (see further
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discussion below), the average period welfare loss can be expressed as

Lt = �yV AR (ŷt) + �sV AR
�
ŝ2t
�
+

2X
i=1

�!iV AR
�
!2jt
�
+ t:i:p: (26)

where ŷt = yt � ynt is the output gab, ŝt = st � ~snt is a terms-of-trade gap
for the terms of trade de�ned as st = p2t � p1t, and t:i:p: represents terms
independent of policy that may safely be ignored when comparing monetary
policy alternatives. The function parameters are given as

�y =
1

2

�
��1 +

(1� ) + �


�
�s =

1

2

(1 + �) �2


v1v2

�!i =
1

2

vi�i�i (1 + ��i)

(1� �i) (1� �i�)
=
1

2

vi�i

�i

Welfare will be evaluated by the solutions to the model in log-linear form
as described above. Given the loss function derived here, this gives a valid
welfare ranking of policy alternatives only when the steady state is e¢ cient;
i.e. when the distortion from monopolistic competition that leads to an
ine¢ ciently low output level (regardless of whether nominal rigidities might
be present) has been eliminated, cf. Kim and Kim (2003) and Woodford
(2003, ch. 6). Otherwise, �uctuations around the steady state would have
an asymmetric impact on welfare as positive shocks would push the economy
closer towards the e¢ cient level and so actually improve welfare, and negative
shocks would push the economy a long way away from the e¢ cient level and
so reduce welfare considerably. To take account of such e¤ects, a second-order
approximation to the model�s structural relations is required.
The e¢ cient allocation is characterised by the e¢ ciency conditions that

the marginal rate of substitution equals the marginal product of labour in
each country.10 Combining (2) and (15) gives

AitN
�1
it

Pit
Pt
=
(1� tei ) �i
�i � 1

C
1
�
t N

�
it (27)

10Formally, this can be veri�ed as the outcome of a sequence of static social planner�s
problems maximising a weighted average of the instantaneous utility functions of a generic
household in each country subject to the economy�s resource constraints.
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which reduces to

AiN
�1
i =

(1� tei ) �i
�i � 1

C
1
�N�

i (28)

in the steady state. Hence, any remaining gap between the marginal rate of
substitution and the marginal product of labour as a consequence of market
power in wage setting can be eliminated in the steady state by setting tei =
��1i . This assumption will be maintained in the welfare analysis.
From (26), welfare losses can be seen to be driven by variation in four

variables, namely the union-wide output gap, the terms-of-trade gap, and the
two national wage in�ation levels. Variation in these variables are related to
the remaining distortions in the economy. The sources of these remaining
ine¢ ciencies are the nominal rigidities represented by staggered wage con-
tracts of random duration, and an international externality similar to the
one identi�ed by Corsetti and Pesenti (2001).
The wage in�ation and aggregate output gap �uctuations appear in (26)

for the same reasons that they appear in loss functions for closed economies
with nominal wage rigidity, cf. for instance Erceg et al. (2000) and Galí
(2008, ch. 6). With nominal wage rigidities, wages are not fully adjusted
in response to shocks to the economy, and the average mark-up of the real
wage (as perceived by the household) over the marginal rate of substitu-
tion will generally di¤er from the desired one prevailing in the �exible wage
equilibrium. In addition, the staggered wage setting implied by the random
duration of contracts under the Calvo wage-setting scheme leads to a relative
wage distortion and so to a suboptimal allocation of hours across households.
Only when the economy is stabilised at a point where households have no in-
centives to change their wages, given the prevailing wages and current shocks
to the economy, will the constraint represented by the nominal rigidity be-
come unbinding. In this case, wages are stabilised and the �exible wage
allocation is attained. The only di¤erence to the closed economy is that the
loss function weighs the contribution from wage in�ation in each of the two
countries according to its size and structural characteristics.
In the limiting case where v1 = 1 and v2 = 0, (26) reduces to the loss

function for a closed economy with sticky wages and �exible prices (see for
instance Galí, 2008, ch. 6):

Lt = �yV AR (ŷt) + �!1V AR
�
!21t
�

(29)

Similarly, when the two countries are identical and shocks are common to
both countries, there are no terms-of-trade movements and the loss function
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becomes
Lt = �yV AR (ŷt) + �!V AR

�
!2t
�

(30)

where �! = �!1 = �!2 and !t = !1t = !2t. In this particular case, the
monetary union is isomorphic to a standard New Keynesian economy with
�exible prices and sticky wages, and the optimal policy takes a very simple
form. The central bank should simply keep wages stable, and it follows
from (19) that the �exible wage equilibrium will automatically be attained.
Moreover, given that an employment subsidy ensures e¢ ciency in the steady
state, (27) implies that this �exible wage allocation will also be e¢ cient.
This result can be generalised further to the case with structural het-

erogeneity. This is because wage changes are the only mechanism through
which common shocks can be propagated di¤erently in the two countries. The
structural features that are allowed to di¤er across countries are all contained
in the composite parameter �i in (19). Hence, if wage in�ation is somehow
successfully stabilised in each of the two countries, common shocks will in-
duce identical behaviour of other national variables. This means that there
can be no terms-of-trade changes, and so the only remaining potential source
of welfare loss would be the output gap. By a similar argument as above,
however, zero wage in�ation is associated with a zero output gap. Hence,
in the case of common shocks and structural heterogeneity, optimal mone-
tary policy would be one that successfully stabilises wage in�ation across the
monetary union.11

In the general case with less than perfectly correlated shocks, the central
bank faces a trade-o¤ between stabilisation of all the variables entering the
social welfare function. This is because the central bank needs to consider
an international externality in addition to the distortions created by the
nominal rigidities themselves. This extra distortion is re�ected in the terms-
of-trade gap term in (26). Notice also from (27) that, as a consequence of
movements in the terms of trade, the "natural" �exible wage equilibrium is
generally ine¢ cient even in the case of an employment subsidy ensuring the
e¢ ciency of the steady state around which the model�s structural relations
are approximated. Consequently, the terms-of-trade gap entering (26) is
de�ned not simply as the deviation of the terms of trade from its "natural"
level under �exible wages, but rather as the deviation from a multiple of this

11This leaves open the question of whether the central bank is able to do so given that
it has one instrument to its disposal, the e¤ect of which goes through aggregate demand,
cf. (22). See the welfare analysis below for further discussion.
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"natural" level. Only in the special case where the intertemporal elasticity
of substitution is one will the �exible wage equilibrium be e¢ cient in the
general case (see the appendix for details).
The international externality arises because movements in the terms of

trade works to shift demand between goods produced in each of the two coun-
tries. For instance, an increase in the terms of trade de�ned as st = p2t� p1t
works to shift demand from goods produced in country 2 to goods produced
in country 1. This decreases the disutility from work in country 2 without
reducing the utility from consumption, which stay constant as a consequence
of international risk sharing. Hence, a positive technology shock in coun-
try 1, which increases output in country 1 and reduces the relative price of
its product, e¤ectively allows country 2 to act as a monopolist increasing
its relative price and reducing its output. This means that more hours can
be devoted to leisure without reducing the opportunity for consumption of
other goods.12 The �ip-side of this, of course, is that households in country
1 work more without increasing their consumption. The presence of nominal
rigidities works to amplify this e¤ect on impact. This follows since wage
adjustment costs will prevent workers in country 1 from increasing wages as
much as they would have done without the restrictions of the Calvo wage-
setting mechanism. As a consequence, �rms demand more labour and the
increase in output is larger than in the case of �exible wages. This, in turn,
ampli�es the terms-of-trade e¤ect through the equilibrium e¤ect on prices.
As noted above, the weights with which the output gap, the terms-of-

trade gap and the wage in�ation �uctuations enter the loss function depend
on the model�s structural parameters. Considering the weight on the output
gap �rst, note that

@�y
�
< 0;

@�y

< 0;

@�y
�
> 0 (31)

That is, the weight on the output gap is decreasing in � and , the elasticity
of intertemporal substitution and the degree of returns to scale, respectively,
and increasing in �, the inverse of the Frisch labour elasticity. This is because

12In this economy with perfect risk sharing, consumption stays constant. In a more
general setting, consumption of other goods may fall depending on the degree of substi-
tutability, but as long as goods produced in the two countries are substitutes (� > 1),
the reduction in utility from a fall in consumption will be smaller than the reduction in
disutility from the change in workload. For � = 1, the two e¤ects would cancel out. See
De Paoli (2007) for a discussion in relation to a small open economy with sticky prices
and �exible wages.
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a reduction in � or , or an increase in �, increases the ine¢ ciency gap
between the marginal product of labour and the marginal rate of substitution
for any given deviation from the �exible wage equilibrium.
Similarly,

@�s
�
> 0;

@�s
�
> 0;

@�s

< 0 (32)

which means that the weight on the terms-of-trade gap is increasing in � and
�, and decreasing in . Intuitively, an increase in � increases the e¤ect of
terms-of-trade movements on demand, a reduction in  increases the change
in hours needed to adjust to the change in demand, and an increase in �
ampli�es the utility e¤ect of such changes. Moreover, this weight is decreas-
ing in the degree of asymmetry in size as re�ected in v1v2 (which takes its
maximum for v1 = v2 = 0:5).
Finally, note that

@�!i
vi

> 0;
@�!i
�i

> 0;
@�!i
�i

> 0;
@�!i
�

> 0;
@�!i


> 0 (33)

The �rst of these derivatives re�ects the e¤ect of relative size on the ag-
gregate welfare function as described above, e¤ectively because the central
bank weighs welfare according to the mass of economic activity in the two
countries. The second of the derivatives illustrates that an increase in the
degree of nominal wage rigidity in a country increases the country�s contri-
bution to the monetary union�s welfare loss. This indicates that the central
bank should be more concerned about wage in�ation in the country with
the most rigid labour market as re�ected in the expected duration of wage
contracts. The third of the derivates suggests that the central bank should
be more concerned about wage in�ation in the country with the most com-
petitive labour markets. In other words, the welfare implications of given
nominal wage rigidities may be larger if the labour market is very compet-
itive.13 Finally, an increase in � increases the e¤ect of any given nominal
rigidity by reducing the slope of the Phillips curve for wage in�ation, while
an increase in  ampli�es the e¤ect of a given suboptimal allocation of hours
across households through the aggregate labour input.

13This e¤ect is similar to the �nding of Lombardo (2006) that a central bank in a two-
country monetary union with nominal price rigidities should be more concerned about
price in�ation arising in the member country with the most competitive goods market.
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4 Welfare analysis

This section evaluates a number of monetary policy alternatives using the
loss function derived in the previous section. The loss function is evaluated
using a solution to the log-linearised model in section 2 when the model�s
parameters are set at values commonly used in the literature. The use of the
log-linear structural relations means that the welfare analysis is validly rank-
ing monetary policy alternatives according to their ability to counter distor-
tionary e¤ects from nominal rigidities. The analysis abstracts from welfare
improvements that could be made by an appropriately designed monetary
policy to undo the steady state distortions from monopolistic competition.
Instead, it is assumed that �scal policy neutralises this distortion in the
steady state around which the model is log-linearised.

4.1 Calibration

The model�s parameters are set to values that are within the ranges consid-
ered in the literature and not too far from those estimated for the euro area,
for instance by Smets and Wouters (2003). It is important to note, however,
that the objective here is to illustrate particular features of the economy,
rather than to build a full empirical model.
Considering the parameters governing preferences �rst, the value for the

subjective discount factor is set to � = 0:99, corresponding to a steady-
state interest rate of four per cent with the interpretation that a period
corresponds to a quarter. In the baseline calibration, utility is assumed to
be logarithmic in consumption (� = 1), and the Frisch elasticity of labour is
set to unity (� = 1). The elasticity of substitution between goods produced
in the two countries is set to � = 4 in the baseline calibration. This is
probably in the high end of empirical estimates, but it serves to highlight the
e¤ects in play in the model. A lower value is considered in the sensitivity
analysis, and though this variable has a substantial in�uence on the level of
welfare losses, the qualitative implications for the choice between monetary
policy alternatives are robust to the changes in � considered. In the baseline
calibration, the weights to the two countries�goods in the real consumption
index are equalised to one half, i.e. v1 = v2 = 0:5.
The baseline calibration of the supply-side parameters is given by  = 0:7,

�1 = �2 = 4; �u = 0:9 and �1 = �2 = 0:015. This corresponds to an economy
with a labour share of 70 per cent and a wage mark-up of approximately 33
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per cent. The technology shocks considered are temporary but very persis-
tent. In the welfare analysis below, the size of these shocks as determined
by the standard deviation are crucial in determining the levels of the welfare
losses incurred under alternative monetary policy rules. For a quantitative
assessment of the level of welfare losses it is therefore important to consider
shocks of a size that is empirically plausible. However, this is not absolutely
crucial for the purposes of this paper because the emphasis is on the contri-
bution of labour market heterogeneity to the relative levels of welfare losses
under alternative monetary policy rules. A more important quali�cation re-
gards the absence of other shocks that may a¤ect resource allocations under
nominal rigidities. There is considerable controversy in the macroeconomic
literature concerning the relative importance of di¤erent shocks in driving the
business cycle (see for example Galí and Rabanal, 2005), and a quantitative
assessment of the level of welfare losses would need to take the contribution
of other shocks (e.g. demand shocks) to the �uctuations in endogenous vari-
ables into account. Concerning the correlation of shocks across countries,
three cases are considered. In the �rst, �" = 0 and shocks are uncorrelated.
This corresponds to purely country-speci�c shocks. In the second, �" = 0:5
and shocks are correlated put imperfectly so. And �nally in the third, �" = 1
and shocks are perfectly correlated across countries. This corresponds to
common shocks to the monetary union.
Concerning the degree of nominal rigidity, nine cases are considered that

di¤er with respect to the average degree of nominal rigidity in the monetary
union and the degree of heterogeneity across countries. The average degree
of nominal rigidity is measured by the average expected duration of wage
contracts under the Calvo wage setting scheme:

AED =
v1

1� �1
+

v2
1� �2

(34)

Similarly, the degree of heterogeneity in nominal rigidities is measured by
the relative expected duration de�ned as

RED =
1� �1
1� �2

(35)

Welfare is evaluated for combinations of AED 2 f3; 4; 5g and RED 2
f1; 2; 3g.
Finally, six combinations of values for the parameters in the �exible tar-

geting rules are considered. First, a price in�ation rule with (k�; k1; k2; ky) =
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(1:5; 0; 0; 0), a symmetric wage in�ation rule with (k�; k1; k2; ky) = (0; 1:5; 1:5; 0),
and an asymmetric wage in�ation targeting rule with (k�; k1; k2; ky) = (0; 1:1; 2; 0)
so that the central bank puts more weight on the member country with
the more rigid labour market (which is always country 2). Second, each of
these rules are combined with a positive parameter on the output gap; i.e.
three additional rules are considered with (k�; k1; k2; ky) = (1; 5; 0; 0; 0:5=4),
(k�; k1; k2; ky) = (0; 1:5; 1:5; 0:5=4), and (k�; k1; k2; ky) = (0; 1:1; 2; 0:5=4).
The values of the parameters are of the size suggested by Taylor (1993).

4.2 Main results

Results from the baseline calibration are presented in tables 1-3 for RED
given by 1, 2 and 3 quarters, respectively. That is, table 1 presents results
for a symmetric monetary union, table 2 presents results for an asymmetric
union where wage contracts are expected to be twice as long in country 2 as
in country 1, and table 3 presents results for a highly heterogeneous monetary
union with wage contracts thrice as long in country 2 as in country 1. In
each table, the left panel gives results for AED = 3 corresponding to an
average expected duration of wage contracts of three quarters, the middle
panel gives results for AED = 4 equivalent to an average expected duration
of one year, and the right panel for AED = 5. In each panel, the �rst column
shows results for country-speci�c shocks with �" = 0, the second column
for imperfectly correlated shocks with �" = 0:5, and the third column for
common shocks with �" = 1.
Consider the symmetric case in table 1 �rst. When shocks are common,

welfare losses can be eliminated if the central bank avoids targeting price
in�ation �at least up to the fourth decimal place of a percentage of steady
state consumption. In this �exible-price economy, when the central bank
does not interfere with the price adjustment process, movements in wages
that would lead to an ine¢ cient allocation can be avoided. All the central
bank needs to do is to stand ready to respond to deviations from zero wage
in�ation so as to ensure determinacy; i.e. to rule out the possibility of ending
up in a situation with inherent instability. The welfare losses resulting from
both a �exible and a strict in�ation rule are high compared to the other cases
considered, and they are increasing in the average degree of nominal rigidity.
This indicates that if shocks are common to the monetary union and the
important nominal rigidity is in the labour market, a central bank responsible
for monetary policy in this union may in�ict non-negligible welfare losses on
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the economy if its key target variable is price in�ation.
When shocks are idiosyncratic, the welfare losses from in�ation targeting

policies are smaller than in the case of common shocks. Again, welfare losses
are increasing the average expected duration of contracts. The e¢ cient al-
location can no longer be achieved, but welfare may be improved by letting
the central bank respond to wage in�ation instead of price in�ation. In this
case, the lowest welfare loss is obtained by targeting aggregate wage in�ation,
and a �exible wage in�ation rule results in the same welfare loss as a strict
aggregate wage in�ation rule. In addition, the same welfare loss is achieved
by allowing the central bank to respond to the output gap in addition to
aggregate wage in�ation in the �exible rule and to strictly target the out-
put gap. This suggests that these alternatives may be close to achieving the
best monetary policy can do within the class of monetary policy rules con-
sidered. Not surprisingly, given the symmetry of labour market structures in
this case, welfare losses increase if the central bank is more concerned about
wage in�ation in one of the two member countries. Note also that strictly
targeting wage in�ation in one country increases welfare losses in comparison
with targeting aggregate wage in�ation. This is because stabilisation in one
country comes at the expense of greater �uctuations in the other country.
Results for imperfectly correlated shocks are in between the two cases with

idiosyncratic and common shocks, respectively. Welfare losses are higher un-
der price in�ation targeting than when shocks are uncorrelated, but they are
noticeably smaller under wage in�ation targeting regimes. Again, the results
suggest that the central bank should target wages either by following a �exi-
ble wage in�ation rule responding to aggregate wage in�ation, or by strictly
targeting aggregate wage in�ation or the output gap. Consequently, as the
gap between welfare losses under price and wage in�ation targeting increases
in the correlation of shocks, it appears that the mistake made by targeting
price in�ation rather than wage in�ation when the important nominal rigid-
ity relates to wages and not goods prices is more serious when shocks are
highly correlated. The reason for this is the international externality work-
ing through the terms of trade, which is absent when shocks are common
to the two countries. By dampening price in�ation, the central bank also
dampens the terms-of-trade movements. This in itself has a bene�cial e¤ect
on welfare o¤-setting some of the welfare losses resulting from the interfer-
ence with the price adjustment process that would otherwise facilitate wage
stability.
Table 2 presents results for the case with labour market heterogeneity in
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the sense that wage contracts can be expected to last twice as long in country
2 as in country 1. As discussed above, the optimal monetary policy in case
of common shocks and labour market heterogeneity is one that successfully
stabilises in�ation in each of the two member countries. From table 2, it is
seen that the optimal policy can be implemented as long as the central bank
does not target price in�ation but rather stands ready to react to deviations
from the zero wage in�ation target. Note also that the mistake made by
targeting price in�ation is larger in the case with labour market heterogeneity
than in a symmetric monetary union. As before, welfare losses under price
in�ation targeting are increasing in the average degree of nominal rigidity.
When shocks are uncorrelated, welfare losses are all positive. Price in-

�ation targeting either through a �exible rule or through strict targeting
leads to considerably higher welfare losses than the other policy alternatives
considered. Thus, the symmetric �exible wage in�ation rule performs better
than the �exible price in�ation rule. Moreover, welfare may be noticeably
improved by putting more weight on wage in�ation in the more rigid country
and less on the more �exible one. In addition, responding to the output gap
as well further improves welfare. Notice also that strictly targeting wage
in�ation in the more rigid country comes close to achieving the same wel-
fare loss as the asymmetric �exible rules, while the best policy response is
one that stabilises the output gap completely. This indicates that further
improvements in welfare may be achieved by carefully selecting the values of
parameters in the �exible targeting rule. It this connection, it is important
to note that it may not be possible for an actual central bank to respond
to the output gap as it is de�ned here. The output gap entering the loss
function is the welfare relevant output gap de�ned as output in deviations
from the virtual �exible wage output. This generally makes the output gap
unobservable, and targeting an output gap derived, say, by �ltering an out-
put series will be a very poor approximation to targeting ŷt, cf. for instance
Sbordone (2002).
Results for shocks with �" = 0:5 fall in between results for idiosyncratic

and common shocks with heterogeneous labour markets as well. Again, the
best performing monetary policy under the baseline calibration is strict out-
put gap targeting, and wage in�ation targeting performs noticeably better
than price in�ation targeting. But although welfare is improved by taking
the di¤erences in wage rigidity into account, the bene�t from doing so is
smaller in this case than in the case with idiosyncratic shocks.
Table 3 presents results for a highly asymmetric monetary union with
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a relative expected duration of wage contracts set to three. The main re-
sults discussed above go through to this case. For common shocks, welfare
losses can be eliminated by abstaining from price in�ation targeting. For
idiosyncratic shocks, wage in�ation targeting is better than price in�ation
targeting, and welfare can be further improved by assigning a higher weight
to the country in which labour markets are more rigid. In addition, also
targeting the output gap improves welfare, and the lowest welfare loss is
obtained by strictly targeting the output gap. Again, welfare losses are in-
creasing in the degree of nominal rigidity. The main di¤erence is that the
welfare improvement obtained by following an asymmetric wage in�ation rule
is higher in this case, where labour market structures are very asymmetric.
Similarly, strictly targeting wage in�ation in the more rigid country becomes
more appealing as labour markets are more heterogeneous, and this is second
only to the strict output targeting rule in this case.

4.3 Sensitivity analysis

Table 4 presents a sensitivity analysis for the case withAED = 4 andRED =
2 (cf. the middle panel in table 2). Alternative values are considered for �,
� and �, in particular � = 2=3, � = 0:2 and � = 1:5.14

The left panel of table 4 presents results for � = 2=3, keeping the re-
maining parameters at the baseline values. This change in the value of the
intertemporal elasticity of substitution has no e¤ect on the main results pre-
sented above. The main di¤erence is that welfare losses are larger under the
price in�ation targeting regimes. A contributing factor to this result is the
curvature e¤ect from changing this parameter discussed in relation to the loss
function. A lower � increases the ine¢ ciency gap and hence welfare losses
for a given deviation from the �exible wage equilibrium. Hence, a monetary
policy that fails to close this ine¢ ciency gap will result in higher welfare
losses when � is low. Notice, however, that for � = 2=3, the �exible wage
targeting rules are unable to stabilise wages enough to completely eliminate
welfare losses up to the fourth decimal place when shocks are common.
The middle panel of table 4 gives results for � = 0:2, keeping the remain-

ing parameters at the baseline values (so that now again � = 1). In this
case, welfare losses are generally lower. A higher labour elasticity decreases

14Other values of these parameters have been considered, but the signs of derivatives of
changes are the same as those discussed here.
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the curvature e¤ect contributing to this result, now along with the labour
response e¤ects working through the slope of the Phillips curve and with
the direct utility e¤ects of ine¢ ciency as discussed in section 3.1. The main
story that wage in�ation targeting is better than price in�ation targeting,
and that welfare may be improved by following an asymmetric policy rule, is
con�rmed in this case. Moreover, the best monetary policy alternative con-
sidered is now the one that leads the central bank to stabilise wage in�ation
in the more rigid country.
The right panel of table 4 gives results for � = 1:5 keeping the remaining

parameters at the baseline values. The main e¤ect of this change in the inter-
national elasticity of substitution is to lower the welfare losses by reducing
the international externality. As the bene�t from targeting price in�ation
goes through the terms of trade, it follows that the largest relative reduction
in welfare losses occurs under the wage targeting policy regimes. Again, an
asymmetric wage targeting rule is preferable when shocks are idiosyncratic,
and welfare losses can be eliminated by targeting wage in�ation when shocks
are common. It is clear, however, that once wages are targeted rather than
prices, di¤erences across the monetary policy alternatives are small.

5 Conclusion

This paper has addressed the question of how monetary policy should be
conducted in a monetary union in which labour market structures are di¤er-
ent across member countries. The analysis has maintained the assumption
that the important nominal rigidities are in the labour market rather than
in the goods market, and alternative simple monetary policy rules have been
evaluated under this assumption that prices are �exible and wages sticky.
As is known from the previous literature, price in�ation targeting may

result in non-negligible welfare losses if nominal wage rigidities are important
and nominal price rigidities are not. In this paper, it is found that the mistake
made by targeting price in�ation under these assumptions is larger when
shocks are common to the monetary union than when they are speci�c to
the member countries due to an international externality. Also, the mistake is
larger if the monetary union�s member countries are characterised by di¤erent
degrees of nominal wage rigidity; i.e. when labour market structures are
asymmetric.
Finally, the results suggest that the central bank can improve the welfare
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of the monetary union�s citizens by putting more weight on wage in�ation in
the country with the more rigid labour market. The welfare improvements
from doing so are larger when labour markets are very heterogeneous, and
when shocks are idiosyncratic rather than correlated.
An interesting topic for further research is to further characterise the

optimal monetary policy responses in a monetary union of the kind described
in this paper as well as the weights in simple policy rules.
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A Natural equilibrium

In the virtual or "natural" equilibrium with �exible wages, the supply side
is summarised by the production function

yit = ait + nit (36)

, nit = 
�1 (yit � ait)

and the labour demand relation

wit � pit = ait � (1� )nit (37)

while the labour supply relation is

wit � pt = ��1yt + �nit (38)

and the relative demand

yit = �� (pit � pt) + yt (39)

, pit � pt = ���1 (yit � yt)

all for i 2 f1; 2g.
Combining (36) and (37) gives

wit � pit = ait � (1� )nit
= ait � (1� ) �1 (yit � ait)

=
1


ait �

1� 


yit

and after rearranging

yit =
1

1�  ait �


1�  (wit � pit)

Substituting (38) and (39) into this relation gives

yit =
1

1�  ait �


1� 
��
��1yt + �

�1 (yit � ait)
�
+ ��1 (yit � yt)

�
=

1

1� 
�
(1 + �) ait +

�
��1 � ��1

�
yt �

�
�+ ��1

�
yit
�
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Rearranging this expression gives the equilibrium value of country-speci�c
output:

yit

�
1 +

�+ ��1

1� 

�
=

1

1� 
�
(1 + �) ait +

�
��1 � ��1

�
yt
�

, yit
(1� ) + �+ ��1

1�  =
1

1� 
�
(1 + �) ait +

�
��1 � ��1

�
yt
�

, ynit =
1 + �

(1� ) + �+ ��1
ait +

�
��1 � ��1

�


(1� ) + �+ ��1
ynt (40)

where a superscript n has been added to indicate equilibrium values in this
"natural" equilibrium with �exible wages.
Aggregate output in the �exible wage equilibrium is found by aggregating

(40) over countries and rearranging:

ynt =
1 + �

(1� ) + �+ ��1
at +

�
��1 � ��1

�


(1� ) + �+ ��1
ynt

,
(1� ) + �+ ��1 �

�
��1 � ��1

�


(1� ) + �+ ��1
ynt =

1 + �

(1� ) + �+ ��1
at

, ynt =
1 + �

(1� ) + �+ ��1at (41)

The equilibrium terms of trade under �exible wages can be found by
combining (39) with (40):

snt = p2t � p1t = ���1 (y2t � y1t)

, snt = �
1 + �

(1� ) � + �� +  (a2t � a1t) (42)

B Welfare function

This section derives a second order approximation to the average welfare
losses incurred by a generic household. The derivation follows the approach
of Galí (2008).
In each country i 2 f1; 2g, there is a continuum of households indexed by

h 2 [0; 1] with an instantaneous utility function

Uit (h) = U (Cit (h) ; Nit (h)) (43)
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where Cit (h) = Ct owing to perfect risk-sharing.
A second-order Taylor expansion of Ut (h) around the steady state U �

U(C;N) is given as

Uit (h) = U + Uc (Ct � C) + Un (Nit (h)�N)

+
1

2
Ucc (Ct � C)2 +

1

2
Unn (Nit (h)�N)2

+Ucn (Ct � C) (Nit (h)�N) +R [(Ct; Nit (h)) ; (C;N)]

where R (:; :) is a remainder term satisfying

R [(Ct; Nit (h)) ; (C;N)]
k(Ct � C;Nit (h)�N)k3

! 0

as (Ct � C;Nit (h)�N) ! (0; 0). Noting that Ucn = 0 by assumption, it
follows that a second-order Taylor approximation expressed in terms of log-
deviations from the steady state is given as

Uit (h)� U � UcC

�
Ct � C
C

�
+ UnN

�
Nit (h)�N

N

�
+
1

2
UccC

2

�
Ct � C
C

�2
+
1

2
UnnN

2

�
Nit (h)�N

N

�2
� UcC

�
ct +

1

2
c2t

�
+ UnN

�
nit (h) +

1

2
nit (h)

2

�
+
1

2
UccC

2c2t +
1

2
UnnN

2nit (h)
2

= UcC

�
yt +

1� ��1
2

y2t

�
+ UnN

�
nit (h) +

1 + �

2
nit (h)

2

�
where the second (approximate) equality makes use of the second-order ap-
proximationsCt � C

�
1 + ct +

1
2
c2t
�
andNjt (h) � N

�
1 + njt (h) +

1
2
njt (h)

2�,
and the third equality of the de�nitions ��1 = �UccC=Uc and � = UnnN=Un
as well as of the equilibrium condition ct = yt. Integrating over households
gives Z 1

0

(Uit (h)� U) dh � UcC

�
yt +

1� ��1
2

y2t

�
+UnN

�
Ehnit (h) +

1 + �

2
Ehnit (h)

2

�
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Noting that

nit +
1

2
n2it � Ehnit (h) +

1

2
Ehnit (h)

2

and
Ehnit (h)

2 � n2it + �2iV ARh (wit (h))
up to a second-order approximation, we can write this asZ 1

0

(Uit (h)� U) dh � UcC

�
yt +

1� ��1
2

y2t

�
+UnN

�
nit +

1 + �

2
n2it +

�2i�

2
V ARh (wit (h))

�
From the de�nition of aggregate employment, it follows that nit = yit �
ait + dit where

dit �
�i
2
V ARh (wit (h))

Using this givesZ 1

0

(Uit (h)� U) dh � UcC

�
yt +

1� ��1
2

y2t

�
+
UnN



�
yit +

1 + �

2
(yit � ait)2 +

(1 + �i�) �i
2

V ARh (wit (h))

�
+t:i:p:

where t:i:p: represents terms that are independent of policy (here terms in
ait) and so irrelevant for the evaluation of monetary policy alternatives.
Under the assumption of an e¢ cient steady state (so that �Un=Uc =

Y=N), we can express the deviations of utility in percentage terms of steady-
state consumption as follows:

Uit � U
UcC

� yt +
1� ��1
2

y2t � yit �
1 + �

2
(yit � ait)2

�(1 + �i�) �i
2

V ARh (wit (h))

where terms independent of policy have been dropped for convenience. Ag-
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gregating over countries gives

Ut � U
UcC

=
1� ��1
2

y2t �
1 + �

2

2X
i=1

vi (yit � ait)2 (44)

�
2X
i=1

vi
(1 + �i�) �i

2
V ARh (wit (h))

By inserting the expression (40) for country-speci�c output, the �rst two
terms of this relation become15

1� ��1
2

y2t �
1 + �

2

2X
i=1

vi (�� (pit � pt) + yt � ait)2

=
1� ��1
2

y2t �
1 + �

2

2X
i=1

vi
�
(� (pit � pt) + ait)2 + y2t � 2 (� (pit � pt) + ait) yt

�
= �1

2

�
��1 +

(1� ) + �


�
y2t +

1 + �


ytat

�1 + �
2

2X
i=1

vi
�
(� (pit � pt) + ait)2

�
+ t:i:p:

After using (41) to replace at (and dropping t:i:p:), this expression can be
written as

�1
2

�
��1 +

(1� ) + �


�
y2t +

(1� ) + �+ ��1


yty
n
t

�1 + �
2

2X
j=1

vj (� (pit � pt) + ait)2

= �1
2

"�
��1 +

(1� ) + �


�
(yt � ynt )

2 +
1 + �



2X
j=1

vj (� (pit � pt) + ait)2
#

15Second-order terms from a second-order equivalent to (40) would only add third-order
term to (44) due to the quadratic terms in this relation.
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Since

2X
i=1

vi (� (pit � pt) + ait)2

=

 
2X
i=1

vi (� (pit � pt) + ait)
!2

+v1v2 [(� (p2t � pt) + a2t)� (� (p1t � pt) + a1t)]2

= v1v2 [� (p2t � p1t) + (a2t � a1t)]2 + t:i:p:

= v1v2�
2

�
st �

(1� ) + �+ ��1

1 + �
snt

�2
+ t:i:p:

where st � p2t � p1t represents the terms-of-trade, we can write (44) as

Ut � U
UcC

= �1
2

��
��1 +

(1� ) + �


�
(yt � ynt )

2 +
(1 + �) �2


v1v2 (st � ~snt )

2

�
�

2X
i=1

vi
(1 + �i�) �i

2
V ARh (wit (h)) (45)

where

~snt =
(1� ) + �+ ��1

1 + �
snt

Taking the expected value then gives the following second-order approxima-
tion to the consumer�s lifetime utility:

Wt = Et

1X
�=t

��
Ut � U
UcC

= �1
2
Et

1X
�=t

��
��
��1 +

(1� ) + �


�
(yt � ynt )

2 +
(1 + �) �2


v1v2 (st � ~snt )

2

+
2X
i=1

vi (1 + �i�) �iV ARh (wit (h))

)
(46)

By applying proposition 6.3 in Woodford (2003), we may write

V ARh (wit (h)) � �iV ARh (wit�1 (h)) +
�i

1� �i
!2t
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which is accurate up to a remainder term of third order. Integrating this
expression forward and taking the discounted value yields the second-order
accurate relation

1X
�=t

��V ARh (wit (h)) �
�i

(1� �i) (1� �i�)

1X
�=t

��!2t + t:i:p:

Consequently, Wt may be written as

Wt = �Et
1X
�=t

��

"
�y (yt � ynt )

2 + �s (st � ~snt )
2 +

2X
i=1

�!i!
2
jt

#
(47)

where

�y =
1

2

�
��1 +

(1� ) + �


�
�s =

1

2

(1 + �) �2


v1v2

�!i =
1

2

vi�i�i (1 + ��i)

(1� �i) (1� �i�)
=
1

2

vi�i

�i

Finally it follows that the average period welfare loss is

Lt = �yV AR (ŷt) + �sV AR
�
ŝ2t
�
+

2X
i=1

�!iV AR
�
!2jt
�

(48)

where ŷt = yt � ynt is the welfare relevant output gap and ŝt = st � ~snt is a
terms-of-trade gap.
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ŷ t
=
0

0:
05
11

0:
02
56

0:
00
00

0:
04
23

0:
02
11

0:
00
00

0:
00
50

0:
00
25

0:
00
00

N
ot
e:
P
ar
am
et
er
s
ot
he
r
th
an
th
os
e
m
en
ti
on
ed
ar
e
at
th
ei
r
ba
se
lin
e
va
lu
es
.
F
le
xi
bl
e
ru
le
s
re
fe
r
to
m
on
et
ar
y

po
lic
y
ru
le
s
of
th
e
fo
rm

(2
5)
an
d
ar
e
in
di
ca
te
d
by
(k
�
;k
1
;k
2
;k
y
).

39


